
Chapter 1

Sets, Boolean algebras, exponential formulae 
and equations

This chapter sets out the fundamental concepts of set theory and
Boolean algebra that will be used to construct a formal theory of
reflexive games.

1.1. Sets

A set is a collection of distinguishable elements of any nature. An
abstract object that does not contain any element is also called a set
- an empty set. Let us consider a non-empty set that we call
universal and designate as 1. The set of all subsets of the universal
set 1, including the empty set, 0, will be designated as M. We
assume that every set includes itself as a subset. A set containing
the elements α, β, γ,  . . .  is denoted as {α, β, γ,  . . . }.

The expression A B, where A M and B M, means that⊇ ∈ ∈
B is a subset  of A;  B  may  be  the  set  A  itself.  The expression
A B means that B is a proper subset of A, B A. We will⊃ ≠
designate the union of two sets as +, and their intersection as •. 

Fig.1.1.1. Venn diagrams. 
The square in the figure designates the universal set; 

its shaded part is the result of the given operation.
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A line above a letter designates the unary operation of complement

to the given set, that is,  is the set of elements of the universalA
set that are not included in A. To simplify working with sets we
will use Venn diagrams. Figure 1.1.1 shows examples of union A+B,

intersection A•B, and complement .A
To simplify notation we will write B• C as BC. We will

interpret the expression A+BC to mean that the intersection of B
and C is first found and then combined with A. The following
correlations hold for subsets of set M:

1. A + A = A 2. A A = A
3. A + B = B + A 4.  A B = B A
5. A + (B + C) = (A + B) + C 6. A (B C) = (A B) C
7. A (B + C) = AB + AC 8.  A + BC = (A+B) (A+C)

9. 10. A + 0 = AA B A B+ =

11. A + 1 = 1 12. = AA
13. A +  = 1 14.  = 0A 1

1.2. Boolean algebras

Correlations 1-14 above coincide with axioms of Boolean algebra.

Therefore, set M with the operations +, •,  and the relation ⊇
can be regarded as a Boolean algebra. If the universal set consists
of one element, α, then the Boolean algebra consists of two
elements: 1 S the universal set containing element α - and the
empty set { }. If the universal set consists of two elements, α and β,
then the Boolean algebra consists of four elements:

1={α, β }, {α }, {β }, 0={ }. 

In general, if a universal set consists of k elements, the
corresponding Boolean algebra consists of 2k elements (power set).

It is convenient to represent Boolean algebras as lattices:
edges correspond to relations of the form A B, where B is an⊃
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{α,β,γ} = 1

{β,γ}{α,β }

{β}

{α,γ}

{γ}{α}

{ } = 0

{α,β} = 1

{β}{α}

{ } = 0

element located below A. Examples are given in Figures 1.2.1 and
1.2.2.

       Fig.1.2.1. Boolean lattice Fig.1.2.2. Boolean lattice 
      corresponding to universal set       corresponding to universal set 
        of two elements, α and β        of three elements, α, β and γ

From now on, in speaking of the set M, i.e., the set of all
subsets of the universal set 1, we will keep in mind that M is a

Boolean algebra with operations  +, •,  and relation . It is⊇
possible to define functions on the set M that map groups of
elements from M onto elements from M. For example,

f(a,b,c) = a + bc,

where a,b,c M. This function maps any three elements a,b,c onto∈
a + bc.

1.3. Exponential formulae

The following equation plays an important role in our
considerations:

. (1.3.1)Φ ( , )a b a b= +

We will write it conventionally in exponential form
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 (1.3.2)Φ ( , )a b ab=

and accept the convention for multi-leveled exponents

. (1.3.3)
( )a abc bc

=

The following correlations hold:

1. 2. abac ab c= + ( )a ab c bc=

3. 3. ( )ab c acbc= ab ac abc+ =

5. 6. ( )a b c ac bc+ = + ( )a b c ac b+ = +

7. 8. ac b a bc+ = + aa b ba b+ + + = 1
9. 10.aa = 1 aab = 1
11. 12.( )a b a+ = 1 ab ba+ = 1

13. 14.a0 1= 1 1a =

15. 16.a a1 = aa a=

17.0a a=

Every exponential expression can be transformed into linear
notation. For example,

.abc d
ab c d ab cd a b cd a b cd a b c d

+
= + + = + = + + = + = + +( )

In many cases, it is not necessary to transform an expression into
linear form; it may be easier to substitute the values of variables
directly to an exponential equation. Let the formula

,abcd

be defined on set M of the universal set {α,β,γ}. Set M consists of
eight elements:



Sets and Boolean algebras 15

1= {α, β, γ }, {α, β }, {α, γ  }, {β, γ }, {α }, {β }, {γ }, { }= 0.

Let a = {α }, b = {α, β }, c = {β, γ }, d = 1. By substituting these
values into the exponential form we obtain

{ } { } { }

{ } { } { , } { } { } { , }.

{ , }{ , } { , } { , } { , } { }

{ , }

α α α

α α α β α γ α γ

α β β γ α β β γ α β α

α β

1
= = =

= = + = + =

+ +

Computations of complex exponential formulae and universal sets
with large numbers of elements can be done in a similar way.

1.4. Equations

Consider function

, (1.4.1)y Ax Bx= +

where x, A, B M ; A and B do not depend on x.∈

Statement 1.4.1. Equation

(1.4.2)Ax Bx x+ =

has a solution if and only if 
. (1.4.3)A B⊇

Proof. Let the equation have a solution. Then Ax = x and .Bx = 0
It follows from the first equality that , and from the secondA x⊇
that , because if the complement to x does not intersect withx B⊇
B, then set B is within x. Therefore, . Now let . ChooseA B⊇ A B⊇

x such that . It is clear that Ax = x and , since theA x B⊇ ⊇ Bx = 0
intersection of B with the complement to x is empty. Therefore, x
is a solution of (1.4.2) G
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It follows from the preceding proof that every x from the
interval  is a solution of equation (1.4.2).A x B⊇ ⊇

Examples. Consider the following equation:

Px + R = x. (1.4.4)

Let us find whether (1.4.4) has a solution. To do so, we must
represent it as (1.4.2). Since , we can write (1.4.4) asx x+ = 1

Px R x x x+ + =( )
and transform it into

.( )P R x Rx x+ + =

In this equation, P + R plays the role of A, and R plays the role of
B, that is,

.( )P R R+ ⊇

Thus, (1.4.4) has at least one solution. It belongs to the interval

.( )P R x R+ ⊇ ⊇

Consider another equation:

, (1.4.5)P Rx x+ =
where .P P R⊂ +( )
We transform its left side:

.P x x Rx Px P R x( ) ( )+ + = + +

In this case,
A = P,  B = P + R .

We see that , i.e., condition (1.4.3) is not met, which meansA B⊂
that equation (1.4.5) does not have a solution.

Finally, consider an equation that takes its values from set
M of the universal set  {α, β, γ }:
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{α,β }x + {β,γ } = x  , (1.4.6)x

A = {α,β }, B = {β,γ } .

In this case, condition (1.4.3) is not met because B is not a subset of
A; thus, equation (1.4.6) does not have a solution.

Equations can be written in an exponential form, as well. For
example,

. (1.4.7)ab cx
x+ =

We transform the left part:

.ab cx
ab c x a b cx+ = + + = +

Now the equation has the form

.a b cx x+ =

Let us represent the left side as :Ax Bx+

,a b cx a x x b cx a b c x ax+ = + + = + +( ) ( )

.A a b c B a= + =,

We see that , and the solutions of (1.4.7) are given by theA B⊇

inequalities

.( )a b c x a+ ⊇ ⊇



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (GRACoL2006_Coated1v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.6
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /RelativeColorimetric
  /DetectBlends false
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 1
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Preserve
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /FlateEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (GRACoL2006_Coated1v2)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /ENU ([Based on 'Lulu'] Use these settings to create Adobe PDF documents best suited for Lulu's printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 4.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName (GRACoL2006_Coated1v2)
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /ClipComplexRegions true
        /ConvertStrokesToOutlines false
        /ConvertTextToOutlines false
        /GradientResolution 300
        /LineArtTextResolution 1200
        /PresetName ([High Resolution])
        /PresetSelector /HighResolution
        /RasterVectorBalance 1
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [1200 1200]
  /PageSize [612.000 792.000]
>> setpagedevice


